Let £ be a vector bundle and P(E) its associated projective bundle. Some necessary conditions on the characteristic classes of E for existence of a fibrewise fixed-point free map P(E) -> P(E) are obtained.
1. Introduction. Let E -> B be an F-vector bundle, where F denotes either the reals R, the complex numbers C, or the quaternions H, and letp: F(F) -> B denote the associated projective bundle. We consider the question of existence of fibrewise maps/: PiE)-> PiE), i.e. continuous maps such that / i\E)-y píe)
commutes, which are fixed-point free. By consideration of individual fibres, it follows, from the Lefschetz fixed point theorem, that a necessary condition for the existence of such an / is that the fibre dimension of E be even over F. The main purpose of this paper is to obtain some necessary conditions on the characteristic classes of E for existence of such a map /. For example, we show that if the base space B is simply-connected, the existence of a fibrewise fixed-point free/: PiE) -> F(£) implies that all odd Stiefel-Whitney classes of E vanish (Corollary 3.3). Similar results are obtained in the complex and quaternionic cases for the Chern classes and symplectic Pontrjagin classes, respectively. Existence of a fibrewise fixed-point free map/: F(£)-> PiE) is shown, in §2, to be equivalent to the existence of what we call a PA -structure on E, in analogy with the A -structures of James (see [l] - [3] ). It is easily seen that the existence of an equivariant A -structure on E, in the sense of [1] , implies the existence of a PA -structure on E, but we show in §2 that existence of a PA -structure does not imply existence of an A -structure.
The characteristic class considerations are carried out in §3, the main tool being the structure of the cohomology ring of P (F) in terms of characteristic classes of E. Some examples are given in §4. In particular, it is shown in 4.1 that the Whitney sum of two vector bundles admitting PA -structures need not admit a PA -structure. This is in contrast to the situation for A -structures [3, Theorem 1.4].
2. PA -structures. If U is an F-vector space, we denote by PiU) the projective space of U, i.e. the space of one-dimensional F-subspaces of U. If u E U -{0}, let [u] E PiU) denote the one-dimensional subspace spanned by u. Assume that U has an inner product (euclidean, hermitian, or symplectic depending on whether F = R, C, or H). Let SiU) denote the unit sphere in U, V(U) = {(«" u2) E SiU) X SiU): ux±u2) = Stiefel manifold of orthonormal 2-frames of U, and
Let E -> B be an F-vector bundle of dimension 2n over F, with a metric (i.e. the structural group is 0(2n), U(2n), or Sp(2n) depending on whether F= R, C, or H). Form the associated bundles p: Proof. P(fE) = {ix, y) E X X P(E):y E F(£/w)}. If g: P(E)P (E) is a fibrewise fixed-point free map, then so is h: P(fE)->P(fE) given by h(x,y) = (x, g(y)).
In [1] , an equivariant A-structure on £ is defined to be an A -structure s: S(E) -> V(E) such that s(uz) = s(u)z for all u E S(E), z E S(F), and it is shown there that such cannot exist unless F = R. An equivariant A -struc- 3. Characteristic classes. Throughout this section d will denote the dimension of F over R, and the coefficients for cohomology will be understood to be Z2 if F = R, and Z if F = C or H. For an exposition see, e.g., [4, Chapter V] . We follow the sign conventions of [4] . Proof. By 2.2 there exists a section s:
is the free H*(P(£))-module (via q*) on 1, x, x2, . . . , x2"~2, where x = ox(L(L(E)±)), and we have the relation
Since/>*(£) = £(£) © £(£)-"-, it follows from the Whitney product formula that (2) P*îo,(E) = il+y) "i o^LiEf)
where y = a,(£(£)). From (2) it follows that (3) ai(L(£)±) = 2 (-l)V/>X-,(£) for 0 < A: < 2« -1.
7=0
Substituting into (1) and factoring out (-l)2""1 we obtain (4) 2 "2 '(-\)'+Jq*yJq*P*o2n.x.l.J(E)xi=0.
Applying s* to (4) we obtain (5) 21 "2 '(-l)'+V/'*a2n_1_,^(£)(,*x)'=0. 
